A group G is said to have the small squaring property on it-sets if \K 3 < k 3 for all -element subsets K of G, and is said to have the small cubing property on fc-sets if \K a < A: 3 for all fc-element subsets K. It is shown that a finite nonabelian group with the small squaring property on 3-sets is either a 2-group or is of the form TP with T a normal abelian odd order subgroup and P a nontrivial 2-group such that Q = Cp(T) has index 2 in P and P inverts T. Moreover either P is abelian and Q is elementary abelian, or Q is abelian and each element of P -Q inverts Q. Conversely each group of the form TP as above has the small squaring property on 3-sets. As for the nonabelian 2-groups with the small squaring property on 3-sets, those of exponent greater then 4 are classified and the examples are similar to dihedral or generalised quaternion groups. The remaining classification problem of exponent 4 nonabelian examples is not complete, but these examples are shown to have derived length 2, centre of exponent at most 4, and derived quotient of exponent at most 4. Further it is shown that a nonabelian group G satisfies \K* I < 7 for all 3-element subsets K if and only it G = S3. Also groups with the small cubing property on 2-sets are investigated. 
Let us say that a group G has the small squaring property on k-sets if \K 2 1 < fc 2 for all fc-element subsets K. In order to gain an understanding of the structural restrictions placed on a group by the small squaring property on fc-sets for a fixed fc, the second author ( [9] ; see also [4] ) investigated this property for 2-element subsets and showed that a finite group has the small squaring property on 2-sets if and only if it is a Dedekind group, that is, either it is abelian or the direct product of an elementary abelian 2-group and the quaternion group Q% of order 8. Recently Neumann [17] has shown that a group G has the small squaring property on fc-sets if and only if G has normal subgroups M, N with 1 < M < N < G such that \M\ and \G/N\ are bounded above by a function of fc, and N/M is abelian, that is G is "finite by abelian by finite". In the present paper we consider finite groups with the small squaring property on 3-sets and obtain an almost complete characterisation, namely we obtain a characterisation of all examples except those of exponent 4. The first main result is the following theorem which is proved in Section 2. THEOREM 1 . Let G be a finite group such that \K 2 \ < 9 for all 3-element subsets K of G. Then one of the following is true.
(a) The group G is abelian. (b) The group G is a nonabelian 2-group. (c) The group G -TP where T is a nontrivial normal abelian odd order subgroup and P is a nontrivial 2-group. Further the subgroup Q of P which centralises T has index 2 in P and each element of P -Q inverts T, and either (i) P is abelian and Q is elementary abelian, or (ii) P is nonabelian, Q is abelian, and each element of P -Q inverts Q-
Conversely any group satisfying (a) or (c) has the small squaring property on 3-sets.
In Section 3 nonabelian 2-groups with the small squaring property on 3-sets are investigated. They are shown (Theorem 2) to be similar to dihedral or generalised quaternion groups unless they have exponent 4, derived length 2, and a very restrictive structure on the centre and derived quotient. We obtain a complete characterisation of [3] Small squaring and cubing properties 431 all examples of exponent at least 8.
If we impose an even stronger restriction on the orders of the squares of 3-element subsets then we obtain the following result. It will be proved in Section 4. THEOREM 3 . Let G be a Unite nonabelian group. Then G has the property that | K 2 
< 7 for all 3-element subsets K of G if and only if G -S 3 .
In Section 5 we consider finite groups with the small cubing property on 2-sets. Our main result, Theorem 5.1, is fairly technical but is sufficiently strong to characterise all odd order examples: THEOREM 4 . Let G be a group of odd order. Then \K*\ < 8 for all 2- 
element subsets K of G if and only if either G is abelian or G is a nonabelian group of exponent 3.
This problem was first considered in an unpublished manuscript [3] of the first two authors where a weak version of Theorem 5.1 was proved. The version of Theorem 5.1 in [3] was improved in [6, Theorem 3] to give a characterisation of all examples of finite groups G with the small cubing property on 2-sets except for the case where G has a normal abelian 2-complement. Their result [6, Theorem 3] is rather technical for use in applications. We derive from our result, Theorem 5.1, the following characterisation of finite groups G in which \K S \ < 6 for all 2-element subsets K of G.
THEOREM 5 . Let G be a finite group. Then \K*\ < 6 for all 2-element subsets K of G if and only if either G is abelian or G is a .nonabelian 2-group satisfying one of (a) G = (a, H) where H is an abelian subgroup of index 2 in G and of exponent 4, and a has order 2 and inverts H. (b)
The Frattini subgroup $(G) of G has order 2.
NONABELIAN GROUPS OTHER THAN 2-GROUPS WITH SMALL SQUARING ON

3-SETS
Suppose that G is a finite nonabelian group which is not a 2-group and which has the small squaring property on 3-sets. We shall show that G satisfies part (c) of Theorem 1. Note that each subgroup and quotient group of G has the small squaring property on 3-sets. First we consider odd ordered Sylow subgroups of G. PROOF: Suppose that P is a nonabelian p-subgroup of G for some odd prime p. Then P/Z(P), where Z(P) is the centre of P, is not cyclic and so P has distinct maximal subgroups M and iV containing Z(P) (see [12, 5.1] ). Further M and N are normal subgroups of P. Let Q -M !~\ N and let a G M -Q. Now M and N are [5] Small squaring and cubing properties 433
Thus \P\ = p" = 3. In this case let K = {a, b, ab} so that PROOF: Suppose that there is a finite nonabelian group with the small squaring property on 3-sets which does not have a normal odd order subgroup of 2-power index, and let G be such a group with minimum order. Then every proper subgroup of G has an odd order normal subgroup of 2-power index and so by [13, IV.5.4] , the Sylow 2-subgroup P is normal in G of exponent at most 4, \G/P\ = q v for some odd prime q and a Sylow g-subgroup Q of G is cyclic, say Q = (o). Since Q is not normal in G, there is an element b £ P such that ab ^ ba. Let K = {a, 6, ab}. We claim that \K 2 \ = 9 contradicting the small squaring property of G. PROOF: It follows from Lemma 2.2 that T is abelian. Suppose that P centralises T. Then G -PxT and as G is not abeh'an, P is not abeh'an. As in the proof of Lemma 2. is either xb or ( x 6 ) -1 = x~1b~1 (since T is abelian). Neither of these is possible and hence a inverts each element of T. Thus each element of P either centralises or inverts T and so P has a subgroup Q of index 2 which centralises T. D At this point we distinguish two cases according as P is abelian or not.
LEMMA 2 . 6 . Either P is abelian or there are elements a € P -Q and b 6 Q such that ab ^ ba.
PROOF: If a G P -Q centralises Q then a centralises (a, Q) = P, that is a € Z(P). Thus if each element of P -Q centralised Q then each element of {P -Q) = P would centralise Q and hence would lie in Z(P), that is P would be abelian. D
First we consider the case of P abelian. 
order normal subgroup and P a 2-group such that the centraliser Q -Cp(T) of T in P is abelian of index 2 in P and P inverts T x Q. Then G has the small squaring property on 3-sets.
PROOF: Let K be a subset of G of order 3. If K contains at least two elements of the abelian group T x Q then \K 2 \ < 9. So assume that K contains two elements The dihedral and generalised quaternion groups of order 2 n ^ 8 are examples of Z>-groups and Q-groups respectively. All D-groups and Q-groups have the small squaring property on 3-sets. 
LEMMA 3 . 2 . (a) If a 2-group G is a D-group then A = (x \ x 2 ^ 1) is an abelian subgroup of index 2, each element of G -A inverts A, and G has the small squaring property on 3-sets. (b) If a 2-group G is a Q-group then G has the small squaring property on 3-sets and the subgroup A of 3.1 (b)(i) is abelian.
PROOF: (a) Since G = (G -
with say a ^ 2 and \G\ = 2 a +^+ 1 . This result is very important when investigating nonabelian 2-groups G with the small squaring property on 3-sets as the small squaring property is inherited by subgroups and quotient groups. For example if H is a minimal nonabelian subgroup of [10] G, then by Proposition 3.3, H is isomorphic to D 8 ,Q 8 , or the group T defined there. Also if A is a cyclic subgroup of Z(G) then HA is a direct product or a central product of H and A, and HA has the small squaring property on 3-sets. We shall need some information about such products. 
x (c n G') where O(aG') ^ O(ciG') > ^ O(c n G'), (where 0(g) denotes the order of g).
To obtain restrictions on the orders of the cyclic direct summands we shall examine certain sections of G, for example certain quotients of (a, CJ) for some t. We shall need the following lemma which allows us to make use of Proposition 3.3 again. 
LEMMA 3 . 6 . Let L be a nonabeiian 2-group with derived group V of order 2. Then L/Z(L) has exponent 2. In particular if L has a generating set of size 2 then L is a minimal nonabeiian group.
PROOF: Since
\L'\ = 2 it follows that V C Z(L). Let x, y G L. Then 1 = [x, y] 2 = x'^x, j/JiT 1 *!/ = [x 2 , y]. Hence x 2 G Z(L) for all x G L, that is L/Z(L) has exponent 2. Now let L = (a, b). Then L/Z(l) = {aZ(L),
bZ(L)) is elementary abelian of order 4. If JT is any subgroup of L of index 2 then H contains Z(L). (For if not then
L -H Z(L), so H contains az and bz' for some z, z' in Z(L) and hence H contains {[«, bz'} = [a, b})
= V. Then H/L' is a subgroup of L/V = (aL 1 ) x (bL 1 ) of index 2 and so H/L' contains Z(L)/L' = {a 2 L') x (b 2 L'
) which contradicts L = HZ{L).)
Then since |/7 : Z(L)\ = 2 it follows that H is abelian, and hence that L is a minimal nonabelian group. D THEOREM 3 . 7 . Let G be a nonabelian 2-group with the small squaring property on 3- 
sets. Then G/G' is either E or Z t xE where E is elementary abelian (or trivial).
PROOF: We use the notation introduced before Lemma 3.6. Note that, since G' C $((?) , we have G = (a, c\ t ..., c n ). Suppose first that O(aG') ^ 8. Then, by Theorem 3.5, a £ Z(G), and so for some i = 1, ..., n, H = {a, c;) is nonabelian. Let R be a subgroup of H' of index 2 which is normal in H. By Lemma 3.6, L = H/R is a minimal nonabelian group. Since L has exponent at least 8 it follows from Proposition 3.3 that L does not have the small squaring property on 3-sets, which is a contradiction. Thus O(aG') = 4 .
Next suppose that a G Z(G). Then by Theorem 3.5, a has order 4, and it follows that G = (a) x (a, . . . , c n ). By Proposition 3.4(b), G = (a) x Q B x E where E is elementary abelian, and so G/G' is the direct product of Z4 and an elementary abelian group. Thus we may suppose that a </i Z[G).
Suppose that c\G' has order 4. Consider (ci, . . . , c n ). If a centralised every element c of this group for which O(cG') -4 then, since the elements of order 4 in the abelian group G/G' generate G/G', it follows that a would centralise (ci, . . . , c n ) and hence o would lie in Z(G). Thus we may assume that ac\ ^ c\a. Let H = (a, Ci) and let R be a subgroup of H', of index 2 in H', which is normal in H. Then, by Lemma 3.6, H/R is minimal nonabelian, and by Proposition 3.3, H/R does not have the small squaring property on 3-sets, which is a contradiction. Thus G/G' has the required form. D Our next task is to examine examples of large exponent. First we deal with those containing an abelian subgroup of index 2.
PROPOSITION 3 . 8 . Let G be a nonabelian 2-group with the small squaring property on 3-se<s. If G has an abelian subgroup A of index 2 with exponent exp(A) at least 8 then G is a D-group or a Q-group.
PROOF: Let C = (c) be a cyclic subgroup of A of order exp(.A) = 2 n say, and \ -9 which is a contradiction. Thus G/A is elementary abelian of order 4. Let Mi, i -1, 2, 3 , be the subgroups of index 2 in G containing A. As above each M,-is a .D-group or a Q-group. Let Mi = (ai, A) for i = 1, 2, 3. Suppose that A is not cyclic. Then A -C contains an involution x say, and as a; inverts A, a,-« = xai for each i = 1, 2, 3. Hence x G Z(G) . Now G/(x) has exponent 2 n (as C ~ C(x)/(x}), is nonabelian, and is not a .D-group or a Q-group (since A/{x) is a maximal abelian subgroup of G/(x) and it has index 4 and order at least 2 n ). This contradicts the inductive assumptions. Thus A -(c) is cyclic. If Mi is a D-group then by definition a? = 1 and M,-is dihedral of order 2 n + 1 . If Mi is a Q-group then aj has order 4 and M; is a generalised quaternion group of order 2 n + 1 . Thus each of the Mi is a nonabelian 2-group of maximal class (see [12, 5.4 .5]), and G itself is not of maximal class. Hence the subgroup A is contained in exactly 3 subgroups of G of maximal class and order 2 n + 1 , whereas it was shown in [2] that a proper subgroup A of a 2-group G, where G is not of maximal class, is such that A is contained in an even number of subgroups of maximal class and given order 2 r > \A\. This contradiction completes the proof of Theorem 3.9. D
Finally we obtain a bound on the derived length. Note that each D-group and Q-group has derived length 2. THEOREM 3 . 1 0 . Let G be a nonabelian 2-group with the small squaring property on 3-sets. Then G has derived length 2.
PROOF: We prove this result by induction on \G\. It is certainly true for |G| = 8 so we assume that |G| > 8 and that the result is true for groups of order less than \G\. We may assume that G has exponent 4. Suppose that G" ^ 1. Then G has a normal subgroup R which is elementary abelian of order 4 (see [13, III] or [1] ). Suppose that R is contained in Z(G), and let M\, Mi be distinct subgroups of R of order 2. Then by induction (G/Mi)" = 1 and (G/M 2 )" = 1 and hence G" < M x n M 2 = 1, which is a contradiction. Hence R £ Z(G). Now R ± *(G), for it was shown in [15] The main theorem of this section, Theorem 2, now follows immediately from Theorems 3.5, 3.7, 3.9 and 3.10.
GROUPS IN WHICH
In this section we prove Theorem 3. Suppose that G is a finite nonabelian group such that | A" 2 1 < 7 for all 3-element subsets K of G. We shall prove that G is isomorphic to 5 3 . Clearly 5 S has this property.
Suppose first that G is a 2-group. Then, as G is not abelian, G/Z(G) is not cyclic and so G has distinct maximal normal subgroups M , N both containing Z(G). 
GROUPS WITH SMALL CUBING ON 2-SETS
In this section we consider finite groups G with the small cubing property on 2-sets, that is \K 3 \ < 8 for all 2-element subsets K of G. The main result we prove is the following technical theorem. 
and P contains its centrah'ser in G that is C G (P) -Z(P). (c) If Q is a Sylow 2-subgroup of G then (a 2 \ a G Q) centralises H.
An immediate corollary to this result is the complete classification of odd order groups with the small cubing property on 2-sets stated as Theorem 4 in the introduction.
Unfortunately we do not have sufficient information about the Hall (2, 3)-subgroups of G to get a classification of the even order examples. This is an open problem. However we are able to obtain the weaker classification, Theorem 5, of finite groups G such that | K 3 1 < 6 for all 2-element subsets K of G.
First we prove Theorem 5.1 in a sequence of lemmas.
LEMMA 5 . 2 . Let G be a finite group, which is not a 2-group, with the small cubing property on 2-sets. Let p be an odd prime dividing \G\ and let P be a Sylow p-subgroup of G. Then either P is abelian, or p = 3, P has exponent 3, there is a 2-element subset K of P with \K 3 \ = 7, and the centraliser CQ(P) of P is the centre Z(P) of P.
PROOF: Suppose that P is not abelian and let b £ P -Z(P). Then 6 lies in a maximal normal subgroup N of P, and, as P is generated by P-N, there is an element ae P-N such that ab^ba. Let K = {a, b}. PROOF: Suppose that Theorem 5.1 is false for some even order group and let G be such a group with minimal order. Suppose that G is not simple and let N be a maximal normal subgroup of G. By the minimality of G and by Lemma 5.3 , N has a normal Hall {2, 3}'-subgroup Hi. Since Hi is a characteristic subgroup of N it follows that Hi is normal in G. Suppose that Hi is nontrivial. Then, by minimality, G/Hi has a normal Hall {2, 3}'-subgroup H/H\ where H D Hi. It follows that H is a normal Hall {2, 3}'-subgroup of G, and H ^ G since \G\ is even. Then G/H is a {2, 3}-group and, in particular, G is soluble. Let T be a Hall 2'-subgroup of G. Then T contains H and, since H D Hi ^ {1} it follows from Lemma 5.3 that T is abelian. Thus H is abelian, a Sylow 3-subgroup P of G is abelian, and P centralises H. Let Q be a Sylow 2-subgroup of G. We conclude that G is a simple group, and as Theorem 5.1 is false for G, G is a nonabelian simple group. By Burnside's Theorem [12, 4.3.3] , \G\ is divisible by at least three distinct primes, p, q, r, say, with p > q > r. Then p > q ^ 3. As G is simple it is generated by its elements of order p, and, as G has trivial centre, no non-identity element of G is centralised by all the elements of order p. In particular, for a £ G of order q, there is an element b £ G of order p such that ab ^ ba. Let K = {a, b}. By our assumption, \K 3 
